What is an ODE ?

More examples:

Numerical solution of ODE Linear, constant () = 4 f () 4 2
(Ordinary Differential Equation)

Linear, variable f’(SU) — 4(_73 _ 5)f($) + 2332 7

coefficients

Non linear f'(z) = dxsin(z f(x)) + 2/ f2(z)
e | f () = F(z, f)

Even more general: Implicit formulation

001 Rz, f, f) =0
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What is an ODE ? What is an ODE?

Example: _ . Order of ODE:
f is an unknown function

Second order, f//(iL') — 2f’($) + 3f($) — 4

\ linear
f'(z)=af(z)+b
A 1

rheorder fO(z) = 227 sin (f"(w) + f'(2)) — f*(w)
dérivative of f fis 1D function

depends of f (otherwise PDE)
General definition:

fU(2) = Fla £ f . f07Y)

Can also be written as: y/ = ay + b

Even more general:

/ n—1 r(n)y _
002 Rz, fo f's s [, ) =0
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Why do we need ODE?

Physics:
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Why do we need ODE?

Physics:

RC1'(t) +i(t) = Cu'(t)

u(t)
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Why do we need ODE?

Biology:

Population grows

f2 : predator

f1: prey { f1(t)

Lokta-Volterra equation

fa(t)

[Wikipedia]

f1(t)(a — Bfa(t))
—fa(t) (v — 0.f1(t))

mmmmmmmmmmmmmmmm
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What can we solve analytically?

Linear + constant coefficient
aof(z) +arf (x) + -+ anf™(z) = r(z)
Linear + variable coefficient + low order

ao(z) f(x) + a1 (z) f'(z) + az(2) f"(2) = r(z)

Non linear:  Almost never
Existence and uniqueness ?
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Case study: Free fall under gravity

Numerical approach

Motion equations: Motion equations: Initial conditions: \Y
A x'(t)=v(t) x(t=0)=x
\ v'(t)=g v(t=0)=vz X'/ lg
Initial conditions: X/ lg Solution
x(t=0)=x, R kL (At)g Code;
v(t=0)=v, — { kT — ko (At)v vk X=X8;’
V=V
A Vfdtg J‘{for(k=0;k<N;++k)
dt k+1
Vvv N x=x+dt xv;
xk"'1 l v=v+dt xg;
}
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Numerical approach Numerical approach
Motion equations: Initial conditions: \ Motion equations: Initial conditions: \
<o =0 | g SR e |
- V(= =V0 - —_ =V,
Numerical solution:
{ vk — vk o (At)g
X = xk - (At)vE
Jt2 1k 2 ' TR s
Approximation: L E s 2077 — 2" + (At)7g /\ ]
- T =X I +
7(t) = L0~ 7 P ot At .
N dt
=> x(t=kAt) = (kAt)vo+k(k2_1)(At)2g
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Real solution:

X(t = kAt) = xo + (kAt)vo + ! (kAt) g
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Accuracy

N | >

Numerical error: || x(kAf) — X(kAt)|| = (Af)zg

Definition of accuracy of order h:

Ix(kAt) = x(kAD)| = O((At)™")

+ 1 k2 v’y

Matrix formulation

(1) = Au(t) + b(t)  wo-(1) a=(

Same approach:
uFTh = T+ At A)u® + At b

Same solution ...
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Matrix formulation Matrix formulation
inear of order n x(t x 1
e e (0= ( 20 ) o (t) = Au(t) +b(t) wo- (1) A= (0 })
0-()
/ ?
t Explicit Euler: — A + b
WithA:<8é> b(t):<2)u(t)=(igt;) At U
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Matrix formulation

Implicit Euler

/ t 01
u/(t) = Au(t) +b(t)  wo-(1) a=(5 )
. b(t) = ( 2 >
SRk Vs r explicite
Explicit Euler: =Au"+Db _
At rajectoire exacte
k+1 .k
Implicit Euler: u u — Auk+1 + b
At & 4.3
now Euler implicite
unknown
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Implicit Euler Implicit Euler
k+1 _ —1 k = .., Euley explicite lici ‘(jcuor?:;a‘;‘tt)speedvo
u T = (I— AtA)™" (u” + Atb) 1N I A ) E’Jﬁi'f't/'vl
\«/ , *
.’Ek+2 _ 21,/64—1 o .’Ek + (At)zg S /fﬂ \ ] ‘
l’o = 20 Euler implicite
Vi
ot =z + Atvg + (At)?g i1/' contantscea s
) Implicit
. Euler
k(k + 1 , T
x(kAt) = xo + (kAt) Vo + %(At)zg ¥ / //&,\\\’
X0 6— >
Still not the true solution
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Summary Explicit/Implicit Euler

u' (t) = F(t,u)

k41 ok
Explicit Euler: U U _ F(uk)
At
k-+1 k

Implicit Euler:

= F(uFt)

(F must be inverted)

Runge Kutta: Free fall

RK 2

e A ()
ubtt = ok + At F(uk)
F(uk*1/2)

\/
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Runge Kutta Runge Kutta: Free fall
RK2 e e A ()
Explicit Euler Runge Kutta (order 2) u"'“‘= ub + At F(uF)
A A Iw/ %)
uk-i—l
F(uFt1/2) At 2 >
k
At F(U ) u]hLl xk-f—l — xk‘ + At ,Uk‘ + ( ) g
I _\ V= ok 4 Atg
\9\' At F(ukt1/2)
5 > > o= 2 et (Al (kAL)?
u u 20 = => :L‘k:xo+(/<:At)vo—|—Tg
k+1/2 _ .k 4 At k . ooy (A7
uk—{—l:uk_'_AtF(uk) U / = U +7F(u ) xt =20+ At vy + 5 9
bt = uF + At F(ubt1/2)
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Runge Kutta: ode45

ki = F(tr, un)
ke =F(th+ tAtus+ LAt Ky)
ks = F(fn + _OAt Up + (%’ﬁ - %kz) At)
Ka :F(tn+‘5‘At.Un+(%k1 - %kz —}—7%)[(3) At)
ks =F(th+Atup+ (—5k + 3ke — ks + 2ks))
ke =F(t,+ fAt,
Un + (gsi6 k1 + 51ake — 13aks + Titsos ke + dgesks) At)
u:‘7|1 —Un+At(§2'7%k1—’r-ﬁ%k;;—%—%‘ggs—ggk“_;_%ks_*_%ks)
u/?ﬂ :Un+At(3778k1+§5—(1)k3+%%k4+151_21k6)

Spring Mass System

Spring force K
F(t) = K (Lo — (1)) WWX(U
Explicit Euler: Lo |

a2 =208 — (14 (A2 L) ok + (AL)2E L,

|
,,,,,, Expect:
,,,,, l’(t) =A SiH(Wt + ()0)
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Spring Mass System Spring Mass System
Spring force Spring force K
F(t) = K (Lo — 2(t)) F(t) = K (Lo — z(t)) WA/_x(t)
Equation of motion >
x"(t) = K/m(Lg — x(t)) Lo Explicit Euler: Lo

ODE formulation

u'(t) = Au(t) + B

A:<2K/m (1)) b:<OLOK/m

)
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ah T2 = 2P — (14 (A1) 2k + (At)2E L,

Do not diverge if 1+ /(At)2£) <1

=> Always diverge to infinity !
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Spring Mass System

Spring force
F(t) = K (Lo — «(t))
Add fluid damping

Fy(t) = —po(t)

New equation for explicit Euler:

Conditionnaly stable

Large K => Stiff springs Stiff ODE
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Implicit Euler

1 —At 0
<—Atf—( 1 )ukﬂ:uk—kAt(Kh)

M

Eigenvalues of Mt 1 - At\/% <1

.
.
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Unconditionally stable

Accuracy != Stability

: 2
°\/\/\/\/\/\/\/\ QV\/\NV\/\/\
. -
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Automatic step-size

Compute:

o Uit =uf + At F(u")

ub T2 =k 4 A2 F(uF)

*lubtt = ubT2 4 A2 Fub )

o o= [uftt—uit

e < Kmax = (At)new = At/Q
e < Kpin = (At)new = 2At
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Example of simulation

F(t) = K (Lo — [l = wol])

r — Xy

lz — o

[@DAZ3D, Dynamic Clothing.
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