Numerical solution of ODE
(Ordinary Differential Equation)
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What is an ODE ?

Example: . .
fis an unknown function

~a
f'(x) =af(z)+0b
A 0

dérivative of f fis 1D function
depends of f (otherwise PDE)

Can also be written as: y/ — ay _|_ b
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What is an ODE ?

More examples:

Linear, constant /(.Cl’]) _ 4]’3(1;) + )

coefficients

Linear, variable f/(ZE) — 4(1. _ 5)f($) + 2%2 7

coefficients

Non linear f'(z) = dzsin(zf(x)) + 2/ f%(x)
oo [ () = Fla, )

Even more general: Implicit formulation

R(z, f, f') =0 05




What is an ODE?

Order of ODE:

Second order, f//(il’i) — Qf/(.ili) 4 3]0(33) — 4

linear

Third order, f(3)($) — 9222 4in (f"(x) + f'(z)) — fQ(:I:‘)

non linear

General definition:

Even more general:

R(%faf/a---afn_lvf(n)):0 004




Why do we need ODE?
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Why do we need ODE?

Biology:

Population grows

f2 : predator

fl : prey { {(

Lokta-Volterra equation

[Wikipedia]
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Why do we need ODE?

Physics:

RC'(t) +i(t) = Cu'(t)

u(t) S

R
:M \/v TCD ------

||
||
@)
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What can we solve analytically?

Linear + constant coefficient
aof(x) + a1 f'(x) + -+ + an f (z) = r(z)

Linear + variable coefficient + low order

ao(x) f(x) + a1 (x) f'(x) + az(x) f'(z) = r(x)

Non linear:  Almost never
Existence and uniqueness ?
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Case study: Free fall under gravit

Motion equations:

} V
Initial conditions: X/ ig
X(t=0)=Xx,
v(t=0)=v, >
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Numerical approach

: : . . A
Motion equations: Initial conditions: \Y

X'(t)=v(t) x(t=0)=x
v'(t)=g v(t=0)=v2 X/ ig

Approximation:

f(t +dt) — f(t)
dt
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Numerical approach

Motion equations: Initial conditions: \Y
X'(t)=v(t) x(t=0)=x, / ig
Vl(t)=g V(t:O):VO X
Solution .
Code;
vkt — vk 1 (Al)g —
X1 = xK + (At)vk =
A V{dtg for(k=0;k<N;++k)
dt v k+1
*\,/V X=x+dt *xv;
Xk"'1 ¢ v=v+dt xg;
} /
—>> 011




Motion equations:
X'(t)=v(t)
vi(t)=g
Numerical solution:

[ VT =Vvi+(Ahg
- X = XK+ (Af)VE

rilﬁk+2 _ 2£Ek+1 . .CUk + (At)Qg

0

Real solution:

X(t = kAt) = xo + (kKAt)

Numerical approach

=> X(t = KkAt) = xo + (KAt) vo +

Initial conditions:
X(t=0)=x,
v(t=0)=v,

At?)()

- Darpg

Vo + 1(kAt)2g




Accuracy

?\‘

Numerical error: || x(kAt) — X(kAt)|| = (Al‘)2

Definition of accuracy of order h:

IxX(kAst) - %(kAL)| = O((AH)"™)

013




Matrix formulation

Linear ODE of order n u(t) . w(t)
= system of ODE of order 1 -

u'(t) = Au(t) + b(t)

(22 o= (2) - (50
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Matrix formulation

u'(t) = Au(t) +b(t)  wo=(1)) a=(

Same approach:

Wt = (I+ At A)u® + At b

Same solution ...
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Matrix formulation
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Matrix formulation

/(1) = Au(t) +b(t) o= (2)) -

- L ok ]f
Explicit Euler: — Au + b
At
k+1 .k
Implicit Euler: u u — Auk 1 + b
At &
NOoOwW
unknown

017




Implicit Euler

ut = (I— AtA)™" (u” + Atb)

(T2 = 2R _ gF 4 (At)?g
{2 = 2

at =9 + Atvg + (At)?g

x(kAt) = Xo + (KAl vo + —— (At)*g
Still not the true solution
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Implicit Euler

S.06 |

5.04 |
s,z /
5

Trajectoire exacte

Euler explicite

4.94 P

4,92 |k f
4.9 L . ! ' l
4 4,05 4.1 4.15 4,2 /4.25 4.3

Euler implicite
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Implicit Euler

Eulet explicite

2

Euler implicite

Trajectoire exacte

(constant speed vO
during dt)

Explicit
4« Euler Vi

(constant speed v1
during dt)

Implicit
g Euler
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Summary Explicit/Implicit Euler

u' (t) = F(t,u)

k1 k
Explicit Euler: U U _ F(uk)
At
k+1 .k
Implicit Euler: u u __ F(uk’-l-l)
At

(F must be invy
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Runge Kutta

Explicit Euler Runge Kutta (order 2)

uk—l—l

At F(u®)




Runge Kutta: Free fall

RK 2 A

ukz+1/2 — ok 4+ % F(uk)
uF Tt = uF + At F(uF)
F(uk:+1/2)
k+1
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Runge Kutta: Free fall

LRt
SR+l

ot = 2o + At vy +

(At)?
2

9

>

RK 2 A

ukz+1/2 — ok 4+ % F(uk)
uF Tt = uF + At F(uF)

F(uk:+1/2)
uk:+l

At F(uk+1/2)

¥ = zo + (k At) vo +

(kAt)?
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Runge Kutta: ode45

ki = F(tn Un)

k2 _F§tn+%At Un+1Atk1)

ks = F (t, + oAt Un+(3k1+490k2)At)

k4 —_— F tn + 5At Un + (10k1 150k2 +7rbk3) At)

ks  =F(th+ At up+ (— 2 2ks))
ks  =F(t,+ LAt

1631 175 575 44275 253
Un + (5z0es K1 + 572K2 — 13832 K3 + 110385 Ka + dg0sKs) At)

o+ AL (5 + Bk« BB ok + )
o1 = Un+ At (35K + 29k + i3 ke + 55 )
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Spring force

F(t) =

Equation of motion

Spring Mass System

K (Lo — x(1))

" (t) = K/m(Ly — x(t)) Lo

ODE formulation

u' (1)

S

= Au(t) + B

gK/m é) b:(OLOK/




Spring Mass System

Spring force

F(t) = K(Lo — z(t))

Explicit Euler:
rFt2 = 228 — (14 (A)2E) 2% + (A2 £ L,

22222

r' T T T T
11111 o

______ | | Expect:
222222 | | a(t) = Asin(wt + ¢)
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Spring Mass System

Spring force

F(t) = K (Lo — 2(t))

Explicit Euler:
rFt2 = 228 — (14 (A)2E) 2% + (A2 £ L,

Do not diverge if 1+ \/(At)Q%) < 1

=> Always diverge to infinity !
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Spring Mass System

Spring force
F(t) = K(Lo — z(t))
Add fluid damping

Fy(t) = —p o(t)
New equation for explicit Euler:

K
T2 (2 -~ ﬂAt) it (1 + (At)*— — ﬁAt) "
m o m

m

Conditionnaly stable

Large K => Stiff springs Stiff ODE
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Accuracy != Stability
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Implicit Euler

Eigenvalues of M1 1 - At\/g <1

2 -
'\/\/\/MN\/\
-2 P -
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Unconditionally stable




Automatic step-size

Compute:

ul ™ = u® + At F(u”)

® Ug+1/2 k 1_|_2At/2 F( ) k+1/2 2
ub T = W52 A2 F(ubT?)
o C — Huk—l—l k—l—lH

e < Kpax = (At)new — At/2
e < Kin = (At)new — 2At

.
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Example of simulation




